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We present a gauge invariant argument that a nonlocal measure of second order metric and
matter perturbations dominates that of linear fluctuations in its effect on the gravitational field in
spacetimes close to the de Sitter solution.
Introduction — It is well known in the mathemat-
ical physics community that linear cosmological per-
turbation theory about maximally symmetric, spa-
tially closed, spacetimes has peculiar features. Lin-
ear perturbations about such special backgrounds
must obey certain non-local identities (often dis-
cussed under the rubric of linearization stability [5],
[6]) which occur at second order in perturbation the-
ory.
In this Letter we study a surprising consequence
of these nonlocal identities for perturbations about
a slowly-rolling (inflating) spacetime. We find that
during ’slow-roll’ inflation a certain nonlocal mea-
sure of second order metric and matter perturba-
tions generically dominates in its amplitude com-
pared to that of the linear order perturbations, if
these identities hold. This provides robust support
for the conclusions of one of our previous papers
[2], where we found that during slow-roll second or-
der fluctuations grew large for a class of inflationary
models. We conclude that is quite plausible that
nonlinear, and probably nonperturbative, gravita-
tional effects dominate near de Sitter spacetime (i.e.
slow-roll) and therefore linear perturbation theory
likely fails in those situations.
Background model — Consider a FRW spacetime
in comoving coordinates (t, ~x) with scale factor a(t),
with signature (-1,1,1,1), and with a perfect fluid
with energy density ρ and pressure p. The equations
of motion for the scale factor a(t) are, according to
the Einstein equations,
a¨
a
= −
κ
3
[ρ(1 + 3w)− Λ] , (1)
H2 =
κ
3
(ρ+ Λ)−
K
a2
, (2)
where K ≡ ±1, 0 is the constant spatial curvature
of the t = const slices, H ≡ ∂tln(a) is the Hubble
parameter, Λ is a cosmological constant, w ≡ p
ρ
, and
κ ≡ 8πG in units where c = 1.
There are in general six Killing vectors in FRW
models, associated with either the K = 0 (flat) E(3)
rotation group, the K = −1 (hyperbolic) SO(3,1) or
K = 1 (closed) O(4) groups. These three groups are
maximal subgroups of the de Sitter group SO(4,1),
which has ten parameters corresponding to the six
FRW Killing vectors and four boost Killing vectors
unique to de Sitter spacetime. The Lie derivative of
the FRW metric along four vectors Ba which have
the same functional form of de Sitter boost Killing
vectors in closed FRW coordinates can be easily cal-
culated, using (1) and (2), to be
£B g¯
(FRW )
ab = λB
iδiaδ0b (3)
where the index i above (and also j, k in what fol-
lows) is spatial and 0 refers to the ‘time‘ t, and where
λ ≡
1
2H
(
−
κρ
2
(1 + w)
)
→ 0 (4)
as one approaches de Sitter spacetime. Note that
the four vectors Ba are merely conformal isometries
of the closed FRW spacetime.
Nonlocal constraints — Consider the field equa-
tions for scalar matter and metric fluctuations for
the above closed FRW solution, near de Sitter space-
time. Assuming that the background matter sector
(i.e. ρ, p in equations (1), (2)) is a minimally cou-
pled (’potential dominated‘) spatially homogeneous
scalar field φ¯ with potential V (φ¯), a necessary re-
quirement is that the fluctuations satisfy, order by
order in perturbation theory, the initial value con-
straints on a constant time (spatially compact) hy-
persurface Σt
H⊥ ≡ H⊥(hij , π
ij , φ, πφ) = 0 (5)
Hi ≡ Hi(hij , π
ij , φ, πφ) = 0 (6)
where equations (5) and (6) denote the usual ’Hamil-
tonian’ and ’momentum’ constraints respectively for
the three metric hij , its conjugate momentum den-
sity πij , and the scalar field φ and its conjugate mo-
mentum πφ. These constraints must hold order by
2order in perturbation theory for a consistent power
series approximation to exist, if one does, for a full
solution to Einstein’s equations. Also since the con-
straints hold at each point in space, they must also
hold when averaged with arbitrary functions over
space.
Consider a projection (average) of these con-
straints along an arbitrary 4-vector field X . Denot-
ing this by P (X), we write
P (X) ≡
∫
Σt
(
X⊥H⊥ +X
i
‖Hi
)
d3x = 0, (7)
where Xa ≡ X⊥n¯
a + Xa‖ h¯
j
ais a four dimensional
vector field where na is the normal to Σt. We wish
to approximate P (X) order by order in perturbation
theory.
Given a quantity q we will designate the first order
variation by δq and the second order by δ2q. Fur-
thermore we will designate the background quanti-
ties by an overbar q¯. If we consider variations in
hij and π
ij (along with φ, πφ), we can calculate the
corresponding classical variation in P (X). We de-
mand that the background quantities obey the full
Einstein equations. Using Hamilton’s equations for
the background to define the time derivatives π˙ij ,
h˙ij , φ˙, π˙φ on a spatially compact Σt, one can show
that [11]
δP (X) =
∫
Σt
[(
£X h¯ij
)
δπij −
(
LX π¯
ij
)
δhij (8)
+
(
£X φ¯
)
δπφ − (£X π¯φ) δφ
]
d3x,
where £X h¯ij is the spatial restriction of £Xgab to
the (spatially compact) hypersurface Σt:
£X h¯ij = £X‖ h¯ij +X
0 ˙¯hij + 2N¯(iX
0
|j), (9)
where N¯i ≡ g¯0i is the ‘shift vector’ (here and
in what follows all barred quantities will be back-
ground quantities). The calculations are simplified
if we take the background values of N¯i = 0 and
N¯ ≡ −g¯00 = 1.
To give an idea how this is derived, consider the
variation with respect to δφ. One of the terms in
the above is∫
Σt
X0
√
|h¯|
(
hij∂iφ¯∂iδφ+ V
′(φ¯)δφ
)
d3x
=
∫
Σt
X0 ˙¯πδφd3x (10)
because ∂iφ¯ = 0 in the background. Similarly,∫
Σt
X0
1√
|h¯|
π¯φδπφd
3x =
∫
Σt
X0 ˙¯φδπd3x (11)
Finally, using the metric equations of motion of
the background spacetime, we can show that
LX π¯
ij = X0 ˙¯πij +£X‖ π¯
ij
+
√
|h¯|(D¯iD¯j − h¯ijD¯kD¯
k)X0, (12)
where D¯i is the induced covariant derivative on Σt.
Putting equations (9) through (12) into equation (8)
we finally obtain the general expression for the lin-
earized projection of the initial value constraints,
δP (X).
If we take the de Sitter limit, i.e. V,φ¯,
˙¯φ → 0,
H˙ → 0, then £X h¯ij → 0 and LX π¯
ij → 0 (and simi-
larly for the matter fluctuations) yields δP (X)→ 0.
Thus, as is well known, the linearized projection of
the constraint equations is identically zero along a
Killing direction of the background spacetime pro-
vided the matter fluctuations obey the equations of
motion ([11], [12], [7], [6]).
The second order equations now have the form
δ2P (X) =
∫
Σt
[(
£X h¯ij
)
δ2πij −
(
LX π¯
ij
)
δ2hij
+
(
£X φ¯
)
δ2πφ − (£X π¯φ) δ
2φ
]
d3x
+O(δqδq) (13)
where the last term represents all of the terms
quadratic in the first order perturbations. This im-
plies that in looking at the second order projection
along the Killing vector(s), the terms linear in the
second order perturbations is zero, and the non-
trivial quadratic term must also be zero. This rep-
resents an additional constraint on the first order
perturbations which must be set to zero if the sec-
ond order equations are to be satisfied.
However as we discussed above it is clear that near
a de Sitter spacetime one does not have exact boost
symmetries. If one projects the linearized constraint
denisitiesHα along vectorsBa which have a de Sitter
boost functional form in closed FRW coordinates, as
described above, then using equations (3) it follows
from equations (8)-(12) that
δP (B) ∝
λ
H
6= 0, (14)
so that in the de Sitter limit, ( λ → 0 ) the Killing
identity is recovered.
At second order in perturbation theory, we thus
expect that δ2P (B) has two terms: one additional
second order termmultiplied by λ
H
and the quadratic
piece. We compute δ2P (B) in the present Hamilto-
3nian formalism and find
δ2P (B)Σt =
∫
Σt
Baδ2Had
3x (15)
=
∫
Σt
[(
£Bh¯ij
)
δ2πij −
(
LBπ¯
ij
)
δ2hij
+
(
£Bφ¯
)
δ2πφ − (£Bπ¯φ) δ
2φ
]
d3x
+
∫
Σt
[
(£Bδhij) δπ
ij −
(
LBδπ
ij
)
δhij
+δπφ(£Bδφ)− δφ(£Bδπφ)] d
3x,
In the special case that Ba is a Killing vector, i.e.
the background is closed vacuum de Sitter space-
time, it is clear that demanding the right hand
side of (14) vanish implies a nontrivial and spa-
tially nonlocal constraint on the linear initial values
(δhij , δπ
ij ; δφ, δπφ). In this case the nonlocal con-
straint, an integral over a density, is gauge invariant
and preserved from slice to slice [7].
Slow-roll limit — It is apparent from equation
(14) that there is an overall prefactor of λ
H
multi-
plying the second order terms compared to the fi-
nal product term involving the linear fluctuations.
Comparing the two groups of terms, second order (≡
δ2PS(B)) and quadratic in first order (≡ δ
2PQ(B)),
we rework equation (15) by explcitly writing out the
linear factor of λ
H
in δ2PS :
δ2P (B) =
(
λ
H
)
δ2PS(B)[δ
2qi] (16)
+δ2PQ(B)[(δqi)
2, δqiδqj ],
where the entire set of second and linear order canon-
ical variables is written as δ2qi for the second order
fluctuations, ( (δqi)
2, δqiδqj) denotes the quadratic
combinations of the first order fluctuations, and
δ2PS(B) ≡
λ
H
δ2P˜S(B). Thus whenever the slow-
roll approximation for the background holds, i.e.
λ
H
≪ 1, we may approximately solve equation (16)
for δ2PS(B)[δ
2qi] to find
δ2PS(B)[δ
2qi] ≈ −
H
λ
δ2PQ(B)[(δqi)
2, δqiδqj ]. (17)
Thus, this combination of second order terms
equals a large number times some combination of
the first order term. Assuming that the linear fluc-
tuations are not too small, this implies that at least
this combination of the second order fluctuation is
larger than the first order perturbations. This is the
main result of this paper: that a nonlocal combina-
tion of second order metric and matter fluctuations
will generically dominate in its effect on the projec-
tion of the gravitational constraints along Ba com-
pared to the linear terms . Note that if δqi ≪ λ/H
the linearized fluctuations will not have the correct
amplitude for seeding CMB fluctuations.
Gauge invariance — Equation (17), the main re-
sult of this paper, was derived without assuming a
specific gauge choice. We now show that one cannot
choose a second and/or linear order gauge such as
to eliminate the factor of H
λ
in equation (17).
Although δP (B) 6= 0 for any λ 6= 0, it is easy to
show that the background projection P¯ (B) actually
vanishes identically for any value of λ, i.e.
P¯ (B) = 0 (18)
for the background (closed FRW) constraints hold-
ing. Thus δ2P (B) cannot depend on any purely sec-
ond order infinitesimal coordinate transformation,
just like any linear perturbation of a background
constant is automatically gauge invariant to linear
order.
The most general remaining gauge transformation
of equation (17) will induce an equation that can be
written as
FS(2£ζδqi,£ζ
2q¯i) ≈ −
H
λ
FQ(2£ζδqi,£ζ
2q¯i),(19)
where ζa is an linearized (infinitesimal) coordinate
transformation (so, e.g. δ2πij → δ2πij + £2ζ π¯
ij +
2£ζδπ
ij) and FS , FQ are the gauge terms coming
from δ2PS and δ
2PQ respectively. If one chooses
ζa ≡
(
λ
H
)n
ζ˜a, n ∈ Z+,
such that n is the value required to eliminate the fac-
tor of H
λ
then one can rewrite (19) (by decomposing
FQ, FP into parts linear and quadratic in ζ
a) as
(
λ
H
)n [
(1)fS(2£ζ˜δqi) +
(
λ
H
)n
(2)fS(£ζ˜
2q¯i)
]
(20)
≈ −
H
λ
(
λ
H
)n [
(1)fQ(2£ζ˜δqi) +
(
λ
H
)n
(2)fQ(£ζ˜
2q¯i)
]
which clearly reduces to
(1)fS(2£ζ˜δqi) ≈ −
H
λ
(1)fQ(2£ζ˜δqi) (21)
given that
(
λ
H
)n
∼ 0, which is precisely of the form
of equation (19).
In summary, the form of equation (19) must per-
sist given any first and second order gauge fixing in
the perturbation theory, including in particular the
trivial choice ζa = 0. Another way of saying this is
that the gauge dependence on both sides of equation
(16) acts in such a way as to always preserve the
4form of equation (17). This is to be distinguished
from the λ = 0 case, where the constraints (17) are
exactly gauge invariant to second order.
Quantum anomalies — The quadratic terms in
equations (17) formally need to be regularized if
we regard them as products of interacting quantum
fields (see e.g., [9], [10], [8]). Renormalization am-
biguities could imply important quantum anomalies
with respect to the imposition of second order condi-
tions such as (17), in addition to any other reason-
able conditions such as the conservation of stress-
energy.
To begin with, one can show that there will not in
general be anomalies associated with the simultane-
ous imposition of stress energy conservation and the
equations of motion provided the background space-
time is slowly rolling. This is so because we can,
in this very special case, specify the renormaliza-
tion ambiguities (i.e. the nonuniqueness of a nonlin-
ear monomomial (and its derivatives) in the fields)
to absorb the considerably simplified slow-roll cur-
vature counterterms. Specifically, for the case of
the scalar field δφ it is known that the monomials
Ψ ≡ (δφ)2, Ψab ≡ ∇¯aδφ∇¯bδφ are unique up to the
transformations [8]
Ψ → Ψ+ C (22)
Ψab → Ψab + Cab (23)
where C, Cab are quantities constructed from the
metric gab, curvature, and derivatives of the curva-
ture of the appropriate scaling dimension. For slow
roll backgrounds, Cab and C have a simple functional
form.
Using this simplification one may show, just as
we did for the case of pure de Sitter spacetime in
[1], that there are no additional anomalies associated
with the imposition of the purely matter part of (17).
This is so because all the anomaly terms are propor-
tional to integrals over Σt of Ban
a (which even for
all λ ≥ 0 is spatially odd), which are identically
zero. It turns out that if the remaining quadratic
gravitational terms in (17) can be cast as quadratic
scalar field terms (with some technical qualifications
related to eliminating the homogeneous and dipole
modes), where the scalar fields represent polariza-
tions of the transverse traceless excitations δhij , δπ
ij
[4] and the lone scalar mode at linear order, then
same logic goes through as for the scalar field case.
One would then conclude, remarkably, that there are
no additional quantum anomalies associated with
the imposition of relations (17). However, it should
be strongly emphasized that in the absence of an ex-
plicit expression for the tensorial anomalies this is at
best a plausible assumption ( see [3] ).
Conclusions — In a previous publication [2] we
have observed second order effects becoming large
in some slow-roll models, however the present ar-
gument is demonstrably gauge invariant to second
order and only essentially relies on the assumptions
that the constraints are satisfied order by order in
perturbation theory and that de Sitter spacetime has
boost Killing vectors. Although our constraint anal-
ysis cannot answer the dynamical question of when
(i.e. after how many e-foldings) these higher order
effects can be expected to make a difference in typ-
ical slow-roll inflation or other models, our claim is
that the worrisome higher order effects do unambigu-
ously and rather generically enter with very minimal
assumptions - they are really there. We hope that by
sidestepping the usual costly debate over whether or
not higher order perturbative effects are just gauge
effects or other artifacts of poorly controlled approx-
imations, the present argument will serve as further
motivation to probe higher order effects in cosmolog-
ical perturbation theory near de Sitter spacetime.
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